Abstract: This article is dedicated to analyzing the heat transfer in the flow of water-based nanofluids in a channel with non-parallel stretchable walls. The magnetohydrodynamic (MHD) nature of the flow is considered. Equations governing the flow are transformed into a system of nonlinear ordinary differential equations. The said system is solved by employing two different techniques, the variational iteration method (VIM) and the Runge-Kutta-Fehlberg method (RKF). The influence of the emerging parameters on the velocity and temperature profiles is highlighted with the help of graphs coupled with comprehensive discussions. A comparison with the already existing solutions is also made, which are the special cases of the current problem. It is observed that the temperature profile decreases with an increase in the nanoparticle volume fraction. Furthermore, a magnetic field can be used to control the possible separation caused by the backflows in the case of diverging channels. The effects of parameters on the skin friction coefficient and Nusselt number are also presented using graphical aid. The nanoparticle volume fraction helps to reduce the temperature of the channel and to enhance the rate of heat transfer at the wall.
Introduction
Flow through non-parallel walls is an important area of research due to its many practical, industrial, physical and biological applications, such as flows through rivers and canals. Blood also exhibits such a flow, where the arteries and capillaries are linked with each other. Pioneering work in this area was done by Jeffery and Hamel [1, 2] . Plenty of studies are available in this area inspecting the various properties of flow by considering various external forces, such as external magnetic fields and the other forces. One can easily find enough literature on this topic in [3, 4] and the references therein.
The study of stretching or shrinking sheets has been an area of modern research due to the practical applications in the real world. These applications include glass fiber production, engineering melt spinning, the manufacturing of rubber sheets, etc. The work presented by Crane [5] was the first study on stretching flows. Since then, several researchers from all over the world have used the said problem to formulate and present the various properties of flows over the stretching/shrinking surfaces that can be seen in [6] [7] [8] and some of the references therein. They used heat and mass transfer effects and analyzed the various properties of flows over stretching/shrinking surfaces.
Traditional fluids, like water, kerosene, ethylene glycol, etc., in general, are not good conductors. To cope with this problem and to enhance the thermal properties of various fluids, Choi [9, 10] presented a model that used the term nanofluids. The idea is to add an appropriate amount of nanoparticles to the traditional fluids. The experimental results have proven that the thermal properties of traditional fluids can be enhanced appreciably by using the said technique. After this groundbreaking idea, many models were presented by various researchers that had also incorporated the Brownian motion and thermophoresis effects. Buongiorno [11] , Xue [12] , Hamilton and Crosser [13] and Maxwell [14] are the major contributors who have presented some useful and efficient models for nanofluids. In recent times, many authors have been inclined to work in the field of nanofluids. Using Buongiorno's model, Khan et al. [15] extended the work on nanofluids to a stretching surface. Since then, many studies have been presented using the models discussed earlier for different geometries and various types of nanoparticles. One can find enough literature on these topics [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] [29] [30] [31] [32] [33] [34] [35] .
The complex nature of the equations in daily life problems makes exact solutions least likely. Therefore, many analytical, as well as numerical techniques are developed to solve the problems representing the physical nature. Some of the analytical techniques are Adomian's decomposition method (ADM), the homotopy perturbation method (HPM), the variational iteration method (VIM), the variation of parameters method (VPM), the homotopy analysis method (HAM), etc. In this article, VIM is successfully applied to the problem, and the efficiency and accuracy of VIM can be seen in [36, 37] and the references therein.
In a recent study, Turkyilmazoglu [38] extended the traditional Jeffery-Hamel flow problem to a case incorporating stretching/shrinking walls. He also studied the heat transfer effects on the flow. In the study under consideration, we examined a further extended form of the same problem dealing with the nanofluid flow under the influence of magnetohydrodynamic forces. Due to the very abstract nature of the governing equations and the expected non-availability of the exact solutions, an analytical approximation technique called the variational iteration method (VIM) has been used to approximate the solution. A comparison of analytical results is made with the numerical ones obtained by employing the Runge-Kutta-Fehlberg technique and is presented in the form of tables. Existing solutions (of the limited cases) and the ones obtained in this article are also compared to verify the solutions obtained. A comprehensive graphical description of the effects of the various parameters on the velocity and temperature profiles is presented coupled with some detailed discussions.
Governing Equations
Consider the flow from the source or sink at the intersection of two plane walls. 2α is taken as the angle between the walls, as depicted in Figure 1 . The walls are assumed to be stretching/shrinking at a rate in such a way that the velocity at the wall can be written as For the said flow, a polar coordinates system ( ) , r θ is used to formulate the problem. Under the said conventions, the velocity field takes the form V = ( r u , 0, 0), where r u is a function of both and θ.
The equations of continuity, momentum and energy in polar coordinates under the imposed assumptions become [38] : 
Boundary conditions for the problem are: 
The Maxwell-Garnett model for the effective thermal conductivity of nanofluids is used in this problem as [14] :
As proposed by Maxwell [18] , the effective electrical conductivity of the nanofluid can be written as:
Here, f μ is the viscosity of the base fluid and ϕ is the volume fraction for the nanoparticles. 
Using the following non-dimensional variables,
Elimination of the pressure terms from Equations (2) and (3) and the implementation of similarity transform Equation (9) gives us the coupled equations for the velocity and temperature profiles as:
Use of Equation (9) reduces the boundary conditions for the problem to a more compact form as:
In the above equations, S denotes the stretching/shrinking parameter and 0 S > stands for stretchable walls, while 0 S < represents the case of shrinking walls. Re here is the Reynolds number given by:
represent the Hartmann number, the Eckert number and the Prandtl number, respectively; also:
Quantities of physical interest are the skin friction coefficient and the Nusselt number, defined as:
In terms of Equations (8)- (11), we have:
Solution Procedure
The solution of the system of equations governing the flow is obtained by using VIM. Implementing the traditional form of VIM, the velocity and temperature profiles in recursive form can be written in the form,
where the Lagrange multipliers for velocity and temperature profile are ( ) F s λ and ( ), respectively.
Approximate Lagrange multipliers for the above problem can be obtained using the variational approach
, so that the above iterative scheme can be reformulated as:
For the initial guess, using boundary conditions for velocity and temperature profiles, we get:
where β and γ are the constants that will be calculated by using the boundary conditions ( )
Next, a few terms of the solution are given as: 
Θ (η) = γ + η (−2. α γ − 1. Prα γK − 2. EcPrα (1. − 1. ϕ) .
For the sake of simplicity, other iterations of the solutions are omitted here. One can calculate the next iterations in a similar manner.
Results and Discussion
To study the flow behavior and the variations in velocity and temperature due to the varying values of the involved parameters, this section is divided into two subsections. One is for the velocity profile, and the other is for the temperature distribution. Both the stretching and shrinking cases combined with the convergence or the divergence of the channel are discussed in detail using the graphical aid. As water is taken to be the base fluid, the numerical values of the Prandtl number Pr shall be fixed at 6.2 throughout the study, unless stated otherwise. Copper (Cu) and silver (Ag) are the nanoparticles incorporated in the base fluid. The thermophysical properties of the base fluid and the nanoparticles are highlighted in Table 1 . Furthermore, in all of the graphical descriptions, a solid line represents the graph for Cu, while the dashed line represents the same for Ag. 
Velocity Profile
This section is dedicated to exploring the behavior of the velocity profile for both convergent and divergent channels under the variations in the parameters, like the channel opening α, the Reynolds number , the volume fraction of nanoparticles ϕ, the Hartmann number and the stretching/shrinking parameter S. For the said purpose, Figures 2-11 are plotted. Figure 2 gives a graphical description of the variations in the velocity profile for a divergent channel for different values of channel opening α. Both the stretching and shrinking cases are discussed in the same figure. A clear drop in the velocity profile is evident for increasing values of α. Here, clearly, for the stretching walls, the change in velocity is seen to be quite rapid at the central portion; there comes a point at which the backflow phenomena are observed particularly for α = 5°. This backflow behavior may result in separation at some point. In Figure 3 , the same effects of α for the convergent channel are portrayed. A quite opposite behavior is observed for this case, and increasing values of velocity are observed. For the stretching walls, the change in velocity is on the lower side as compared to the shrinking walls. This means that for a shrinking, convergent channel, more fluid is moved towards the walls as compared to the same for a diverging channel. Copper nanoparticles are seen to have a slightly higher velocity for divergent channels as compared to the silver nanoparticles. The behavior is reversed for a convergent channel. The velocity profile for the increasing values of the Reynolds number Re for the case of a divergent channel is plotted in Figure 4 . The higher the values of Re, the lower the velocity becomes in the diverging channel. This results in a backflow near the walls of the channel for stretching walls. A steep decrease in velocity is seen for the stretching/diverging channel as compared to the shrinking one. A quite opposite scenario is seen for the convergent channel, and velocity is an increasing function of Re. This entire discussion shows that the upsurge in viscous forces results in lower values of the Reynolds number, and an increase in the mainstream velocity of the channel increases the values of Re that result in the increasing of the velocity for convergent channels and a decrease in velocity for the divergent channel. Again, for increasing Re, the copper nanoparticles have slightly higher values for the velocity of the divergent channel. This is due to the lower density of copper as compared to silver.
The Hartmann number that represents the strength of the magnetic field results in a growth in the velocity profile when the channel is divergent, as is clear from Figure 6 . The behavior is similar for both the stretching and shrinking of walls. Furthermore, whenever there is a backflow in the divergent channel, the Hartmann number can be used to reduce the backflows. It controls the separation phenomena, resulting in a much smoother flow. The velocity behaves in a similar manner for a convergent channel and the increasing values of Ha. However, in this case, the change is slower as compared to the divergent channel. Furthermore, a stretching/converging channel has lower variations in velocity as compared to the shrinking channel (see Figure 7) .
To discuss the strength of nanoparticles on the velocity, Figures 8 and 9 are portrayed. A rise in the nanoparticle volume fraction reduces the velocity in a divergent channel. For the stretching of a divergent channel, again, a backflow is observed. However, when the channel is shrinking, there is no backflow. Again, a slightly higher value of the velocity can be observed for the copper nanoparticles than the silver nanoparticles. From all of this, one can easily say for a divergent channel that the higher volume fraction of the nanoparticles provides a low speed flow. On the other hand, a slow rise in the velocity for a convergent channel is evident: it keeps growing with the rising nanoparticle volume fraction.
The influence of stretching and shrinking parameter on the velocity profile is depicted in Figures 10  and 11 . For a divergent channel, an upsurge in the velocity is witnessed. The stretching of a divergent channel marks a higher velocity near the walls as compared to the center of the channel. On the contrary, when a divergent channel is shrinking, the velocity decreases quite sharply near the walls, as shown in Figure 10 . In Figure 11 , the effects of the same parameter on a convergent channel are portrayed. It gives a clear picture of an accelerated flow near the walls for a stretching channel. On the contrary, a significant decrease in velocity is seen in a convergent channel with shrinking walls. For both of these cases, the changes are quite prominent near the walls of the channel. As we move towards the center, the effects get weaker and less influential.
Temperature Profile
Variations in the temperature profile under the influence of various parameters, like the angle of opening α, the volume fraction of nanoparticle ϕ, the stretching/shrinking parameter and the Eckert number , are plotted in Figures 12-27 . Here, the value of the Prandtl number is fixed at 6.2 because we are taking water as a base fluid. The temperature profile under the effect of angle opening is plotted in Figures 12-15 . Almost an identical behavior to the temperature profile is observed for both the divergent and convergent channels due to the increasing values of α. When the walls are stretching, the temperature is seen to be on a slightly lower side for rising α. On the other hand, for shrinking walls, some higher values of temperature are seen when there is no opening of the walls (α = 0). This means whether the walls are stretching or shrinking, with the change in angle, the temperature of the system will rise. There is not much of a difference between the temperature of Cu and Ag. The influence of the nanoparticle volume fraction on the temperature profile is plotted in Figures 16-19 . An addition of the nanoparticles in the base fluid decreases the temperature of the system quite considerably. This change is prominent at the centerline of the channel. For a divergent channel, the temperature profile is somewhat on the higher side when the walls are stretching as compared to the shrinking of the walls. For a convergent channel, this behavior is reversed. For all of these cases, silver (Ag) nanoparticles tend to have slightly lower temperature values than copper (Cu) nanoparticles. The differences in the specific heat and the thermal conductivity of Cu and Ag are the major factors for the change in temperature.
The next set of figures describes the behavior of temperature with the stretching/shrinking of the walls. Both the convergent and divergent channel cases are discussed. Figures 20 and 21 depict that the stretching and shrinking of the walls have a quite opposite effect on the temperature profile for a divergent channel. When the walls are stretching, a steep drop in the temperature is observed at the center of the channel. The change becomes smaller as we move near the walls of the channel. On the other hand, the shrinking walls tend to increase the temperature quite substantially at the central portion of the channel. For a convergent channel, the temperature behaves almost in an identical manner as the one seen in a divergent channel; Figures 22 and 23 are here to back our remarks. The only difference is the slightly higher values of the temperature for the stretching walls in a divergent channel. Interestingly, Cu nanoparticles have marginally lower values for the stretching of a divergent channel as compared to the stretching of a convergent channel. For a convergent channel, the temperature of Cu seems to be on the higher side. However, when the walls are shrinking, Cu nanoparticles show a marginal advantage in temperature.
Figures 24-27 are plotted to study the changes occurring in the temperature profile due to the variations in . Here, Ec represents the influence of dissipation on the temperature profile. As expected, the Eckert number increases the temperature quite expressively. This change in the temperature is slightly lower for the case when the walls are stretching. For the shrinking walls, the temperature rises quite efficiently with increasing values of the Eckert number. Furthermore, for a convergent channel and the stretching walls, the temperature curves deviate relatively less.
Skin Friction Coefficient and the Nusselt Number
The effects of various parameters on the skin friction coefficient and the Nusselt number are plotted in Figures 28-35 . Both stretching and shrinking cases are taken into account. For the case of a divergent channel, Figure 28 gives a description of the varying angle and the nanoparticle volume fraction on the skin friction coefficient. Clearly, with an increase in the nanoparticle volume fraction, the skin friction is seen to be declining for both stretching and shrinking divergent channels. Furthermore, the greater the channel opening for the divergent channel, the lower are the skin friction values. It can be observed that the stretching channel has lower values of the skin friction as compared to the shrinking case. Due to the higher density values, silver nanoparticles have lower values as compared to copper nanoparticles. For the case of the convergent channel, the behavior of the skin friction coefficient can be observed from Figure 29 . The skin friction is seen to be increasing with the increase in the angle for the convergent channel. Here, the stretching convergent channel has lower values of the skin friction as compared to the shrinking convergent channel. The manners in which skin friction behaves for increasing values of Re are plotted in Figures 30-31 . For the divergent channel, the increase in Re results in declining values of the skin friction coefficient, as well as for the nanoparticle volume fraction. Stretching divergent channels have lower skin friction values than shrinking divergent channels. Almost the reverse behavior is observed for the convergent channel, i.e., higher Re values result in higher skin friction values for both stretching and shrinking convergent channels. Changes in the Nusselt number with varying parameters are plotted in Figures 32-35 both for divergent and convergent channels. Figure 32 gives a description of the change in the Nusselt number with the varying nanoparticle volume fraction and the angle for the divergent channel case. The heat transfer rate at the wall is seen to be an increasing function of both the angle and the nanoparticle volume fraction. This behavior is quite fast for a shrinking divergent channel. A similar pattern is seen for the convergent channel, the difference being only that, for the convergent channel case, the values are slightly on the higher side as compared to the same values for the divergent channel, as depicted in Figure 33 . Apparently, there is no difference in the values for copper and silver nanoparticles. The increase in the Eckert number results in a higher heat transfer rate at the wall for both divergent and convergent channels. The stretching of walls has a dominant effect as compared to the shrinking of the walls. The nanoparticle volume fraction increases the heat transfer rate and, thus, can be useful in many industrial processes. The problem under consideration is solved using two methods: the variational iteration method and the Runge-Kutta-Fehlberg method. The results obtained are compared to existing solutions when there is no magnetic field and the fluid is taken as water only. An excellent agreement between the solutions is seen, as given in Tables 2 and 3 . 
Conclusions
This article is presented to study the flow and heat transfer of water-based nanofluids in stretchable convergent/divergent channels. The magnetohydrodynamic nature of the flow is incorporated. Copper and silver nanoparticles are added to water to analyze the behavior of the velocity and temperature profiles with varying the parameters involved. Equations governing the flow are solved using two methods, namely VIM and RK-F. A comparison with existing solutions is also given to check the accuracy of our obtained results. The effects of the parameters on the skin friction coefficient and heat transfer at the wall are also plotted. The major outcomes of this study are as follows:
• Angle opening and the Reynolds number have opposite effects on the velocity profile for convergent and divergent channels.
• Stretching walls may result in backflow regimes for divergent channels, because this moves the particles near the wall away. An increase in the angle opening and Reynolds number may result in backflow and, thus, separation. This result might cause instabilities in the flow.
• The Hartmann number gives a solution to the backflow regions. An increase in the Hartmann number removes the backflow for stretching divergent channels. This effect can be useful in several physical phenomena.
• The nanoparticle volume fraction reduces the velocity of the fluid for both copper and silver nanoparticles in the case of a divergent channel. For a convergent channel, the increase in the volume fraction increases the velocity.
• Stretching of the divergent channel increases the flow near the walls of the channel. Additionally, shrinking reduces the velocity of the fluid near the walls of the channel. Identical behavior is seen for the case of a convergent channel.
• The almost identical behavior of the temperature profile for increasing channel opening is observed for both convergent and divergent channels, both for stretching and shrinking channels.
• Temperature is seen to be decreasing for increasing values of the nanoparticle volume fraction. Both stretching and shrinking channels have an almost identical behavior.
• Stretching of the walls results in lower temperature values for both convergent and divergent channels. Increasing values of temperature near the walls of the channel are observed for the shrinking case.
• The Eckert number increases the temperature of the fluid for all of the cases.
• The nanoparticle volume fraction reduces the skin friction coefficient for all of the cases. Stretching channels have lower skin friction values than shrinking channels.
• The opposite behavior of the skin friction coefficient for increasing Re is observed for convergent and divergent channels.
• The rate of heat transfer at the wall increases with a higher nanoparticle volume fraction and Eckert number. These two parameters have the same behavior for all of the cases.
